I. INTRODUCTION
Methane is the prototypical hydrocarbon and of great importance for our understanding of chemical bonding, structure, and reactivity from the early days of chemistry. [1] [2] [3] [4] [5] [6] [7] Its current interest ranges from quantum dynamics and chemical reactions on potential hypersurfaces on the one hand [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] to atmospheric and astrophysical spectroscopy including its effects as a greenhouse gas on the other hand. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] Methane combustion with a reaction enthalpy R H 0 0 −800 kJ mol −1 is also among the largest chemical processes of mankind at a technical scale for energy production in the TJ range per year. On the other hand, the tiny energetic effects of parity violating potentials in the methane molecule in the range of fJ mol −1 have been discussed to be of interest for fundamental physics as well. 35, 36 Although there has been substantial spectroscopic work on methane for more than a century (see below), due to its obvious importance, the understanding of the high resolution infrared spectrum is incomplete to a surprising degree, particularly as far as the higher energy ranges of overtone absorption are concerned. Therefore, we have started some time ago, a major experimental effort to measure at high resolution the complete infrared spectrum of methane CH 4 and its stable isotopomers, and several aspects of our previous work on the spectra on various partially deuterated isotopomers have been a) Author to whom correspondence should be addressed. reported in recent previous publications from this effort. [37] [38] [39] [40] [41] [42] The analysis of the infrared spectrum of 12 CH 4 and 13 CH 4 is now fairly complete up to the energy range of the octad (i.e., below about 5000 cm −1 ). [41] [42] [43] [44] In the present work we carry out a partial analysis extending towards 12 000 cm −1 . Apart from the fundamental interest, the spectra of these two isotopomers are of obvious importance for the spectroscopy of the earth's atmosphere as well as the atmospheres of the other planets and some of their moons (in particular Titan [27] [28] [29] [30] [31] . Early infrared spectra of methane were already reported in the nineteenth and early twentieth century. [45] [46] [47] Rotationally resolved spectra of methane were recorded by Cooley in 1925 . 48 In 1935, Nielsen and Nielsen reported the fine structure of rovibrational transitions in methane, 49 analyzed theoretically by Jahn in several papers. [50] [51] [52] [53] Also higher overtone spectra were reported at high resolution in the "photographic infrared" above 8000 cm −1 and the early history is well told in Herzberg's book. 54 Further experimental and theoretical progress was made in the early 1960s, [55] [56] [57] [58] when there was also substantial effort towards the theory of spectra of spherical top molecules in general. [57] [58] [59] [60] [61] [62] [63] [64] This work was extended towards analyses of the spectra of methane notably in Refs. [65] [66] [67] [68] [69] . For the substantial body of subsequent work we refer to the recent paper of Albert et al. 43 Methane CH 4 ( Fig. 1 ) has tetrahedral symmetry with point group T d and nine vibrational degrees of freedom corresponding to four normal frequencies. Two of these correspond to CH stretching ν 1 (A 1 ) nondegenerate and ν 3 (F 2 ) triply degenerate and two of these to deformation (bending) vibrations, ν 2 (E) doubly degenerate, and ν 4 (F 2 ) triply degenerate. Because of the approximate relationship of fundamental wavenumbersν 1 ν 3 2ν 2 2ν 4 3000 cm −1 (see Table I ) the fundamental and overtone and vibrational combination spectra can be grouped into polyads of interacting vibrational levels of similar energy. These polyads are characterized either by symbol P n with the integer index n given by the sum 43 n = 2v 1 + v 2 + 2v 3 + v 4 (1)
which also can be represented as (2, 1, 2, 1)(v 1 , v 2 , v 3 , v 4 ) t , where (2,1,2,1) is then the "polyadstructure," or by polyad quantum number N defined by the sum 8, 70, 76 
including integer and half odd integer polyad quantum numbers N. The v i are the vibrational quantum numbers of the vibrational mode ν i . The polyads are further named by greek prefixes corresponding to the number of overtone and combination levels, which they comprise (the ground state "monad" P 0 , the dyad P 1 with 2 levels, the pentad P 2 with 5 levels, the octad P 3 with 8 levels, the tetradecad P 4 with 14 levels and the icosad P 5 with 20 levels, see Table I ). Figure 2 provides an instructive survey of the clearly visible polyad structure of the absorption spectrum of methane in the range from 1000 cm
to 12 000 cm −1 . Up to the icosad the polyads are rather well separated in energy from each other, whereas there is increasingly important overlap for the higher polyads. Because the maximum degeneracy in T d is 3 for sublevels of F symmetry, the more highly excited degenerate levels are further split into sublevels of well defined symmetry species in T d (9 sublevels for the pentad, 24 for the octad, 60 for the tetradecad, 134 for the icosad, etc., see Table I ). As Table I shows, the sublevels of a given symmetry species approximately approach a regular representation for large N (m(A 1 ):m(A 2 ):m(E):m(F 1 ):m(F 2 ) = 1:1:2:3:3) a result consistent with more general symmetry properties of the densities of states of polyatomic molecules at higher energy. 77 The spectrum of levels thus obviously gets very rich in the higher energy ranges. Strongly allowed transitions from the A 1 ground state occur to the F 2 sublevels. Due to the large rotational constant and due to vibrational and rovibrational interactions between sublevels, an exceedingly rich rovibrational structure is generated in the overtone and combination spectral region of the infrared spectrum of methane. A complete rovibrational assignment thus becomes a formidable task, so far completed for the 12 CH 4 isotopomer up to the octad 43 and up to the pentad 44 for 13 CH 4 , now extended towards the octad. 41, 42 While extension to higher polyads is possible, and recent work along these lines addresses the range of the tetradecad, 78 it is increasingly difficult to achieve similarly complete analyses for the higher polyads at the moment.
We have shown, however, that an alternative approach is possible to specifically address the assignment of excited vibrational levels without rotational excitation, if spectra at sufficiently low temperatures are available in order to unambiguously assign the J = 0 ← − J = 1 transition from the Under the conditions given here, the absorption patterns for the different polyads are well separated with "windows" in between. The numbers given in parenthesis after the polyad name indicate here the number of sublevels (Table I) .
vibrational ground state to the vibrational level considered, as the energy of the J = 1 level in the ground state is well known. 42, 67 This method of assignment has been used to assign the ν 2 + 2ν 3 vibrational level of 12 CH 4 
79-82 in the icosad (at 7510.3378 ± 0.003 cm −1 ) on the basis of supersonic jet, continuous wave laser cavity ring down spectra. 80, 82 We have more recently used this approach to assign a very large number of vibrational levels for CH 2 D 2 39 as well as CH 3 D and CHD 3 40 up to energies of about E = (hc)12 000 cm −1 , using high resolution Fourier transform infrared (FTIR) spectroscopy of methane using enclosive flow cooling down to 80 K and He as a buffer gas.
In the present work, we extend this approach to the isotopomers 12 CH 4 and 13 CH 4 complementing the wavenumber range studied for these molecules up to 12 000 cm −1 (or about 1.5 eV of vibrational energy). A preliminary report on the present work was included in Refs. 41, 83, and 84. The outline of the present paper is roughly as follows. After a description of the experiments in Sec. II, we discuss briefly the symmetry properties of methane energy levels in Sec. III defining also our notation followed by a discussion of the approach used to assign the J = 0 pure vibrational levels from the spectra with some characteristic illustrations in Sec. IV. Section V describes the theoretical background for the effective Hamiltonian used in the vibrational analysis, based largely on the approach of Hecht. 57, 58 Section VI provides the analysis and discussion for 12 CH 4 , and Sec. VII for 13 CH 4 . The conclusions from the present work are summarized in Sec. VIII.
II. EXPERIMENTAL
The FTIR spectra of 12 . About 100 to 1000 spectra were typically added in each spectral region. A multireflection collisional cooling cell based on White optics and embedded in a Dewar filled with liquid nitrogen was used for recording the cold spectra. 90 This cell is similar in design to the one described in Refs. [91] [92] [93] . Optical path lengths ranging from 5 m to 15 m were used for the measurements. An InSb nitrogen cooled detector was used for the measurements between 2800 and 9000 cm −1 and a Si diode working at room temperature for the spectral range 9000-12 500 cm −1 . More details of the experimental setup and procedures can be found in Ref. 90 . 4 with He in the cell ranged from 2 to 4 mbar where the partial pressure of methane was in the order of 0.05-0.5 mbar to record weak absorption features in the spectra on the one hand and to take spectra without saturation of the strong absorption features on the other hand. Pressure broadening can be neglected under these conditions. All spectra were self-apodized. The aperture was in the range from 0.8 to 1.15 mm. 4 , as natural isotope mixture was obtained from PanGas with specified 99% chemical purity. The 13 CH 4 sample was purchased from Cambridge Isotope Laboratories. The identity, chemical and isotopic purity (specified to be better than 98%) was obvious from the spectra.
The absolute wavenumber accuracy of nonblended, unsaturated and not too weak lines can be estimated to be about 10 −4 cm −1 for the range from 2800 to 6600 cm −1 and about 10 −3 cm −1 for the range from 6600 to 12 500 cm −1 , being limited essentially by the limited availability of sufficiently precise and accurate calibration spectra. The relative wavenumber accuracy is better than 10 −6 cm −1 below 2000 cm −1 and between 10 −5 cm −1 and 10 −4 cm −1 , above 2000 cm −1 , depending upon the detailed spectral range and conditions. The graphs of the spectra shown are uncalibrated, the shift being hardly visible on this scale. The line positions reported here, however, correspond to calibrated values, which have adequate accuracy for the purpose of the present analysis. Figure 3 shows, as an example, the line shape of the isolated P(1) line and the corresponding part of the ν 2 + 2ν 3 (F 2 ) vibrational subband of the icosad near 7500 cm −1 for 13 CH 4 , indicating the level of very small pressure broadening, Doppler broadening, and self-apodisation in this spectral range.
III. SYMMETRY ASSIGNMENTS AND NOTATION
While vibrational and electronic wave functions can be conveniently assigned to the T d point group symmetry species 54 and this is possible also for rovibrational levels, 97 , 98 a further reaching assignment is possible using the full permutation inversion group S * 4 following LonguetHiggins. 74 , 79, 82, 99 S * 4 = S 4 ⊗ S * is the direct product of the symmetric group S 4 of permutations of the four protons and the space inversion group S* with elements E, E* (or E, P), where E* denotes the reflection of all coordinates at the origin (also denoted as parity operation P). Thus in S * 4 every species can be assigned a well defined parity (+ or −), whether the wave function is symmetric [+] 74 ). In our notation parity is given as a superscript (+ or -) and the species in the permutation group S 4 is given either in "spectroscopic" notation A 1 , A 2 , E, F 1 , F 2 or in the group theoretical notation in terms of the partition [. . . ,. . . ] (see Refs. 74 and 102) .
Further considerations arise through application of the generalized Pauli-principle to the four identical protons with nuclear spin I H = 1/2. The corresponding 2 4 = 16 nuclear spin functions generate a reducible representation 5 A
where the upper left index indicates both the frequency of the corresponding species in the reduction and the M degeneracy relating to the combined total nuclear spin I of the four protons indicated in parentheses. Because of the approximate conservation of nuclear spin symmetry 79 one can identify three "nuclear spin isomers" in methane conventionally denoted as ortho , and para ( 1 E + , I = 0). These spin isomers interconvert only slowly under ordinary conditions, 82, 103, 104 which justifies the name "isomer" (similar to ortho and para hydrogen 74, 105, 106 ). The parity of the proton is positive, thus one has positive parity for the overall nuclear spin wave function as well. According to the generalized Pauli-Principle only nurovibrational states (i.e., complete states including nuclear spin, rotational, vibrational, and electronic wave functions) which transform as A Table III .
It can be useful to take the parity of the carbon nucleus into account in the representation of the overall parity of the wave function. 12 
C
6 + has positive parity and nuclear spin zero, whereas 13 6 C 6 + has negative parity and nuclear spin 1/2. Including this in the notation for Pauli allowed rovibrational symmetries one obtains the corresponding columns P in Table III. 13 CH 4 levels have reversed parity compared to the corresponding 12 CH 4 levels. We give also the overall degeneracies g 12 and g 13 of the levels under our conditions, where the hyperfine structure and the splittings of the E + and E − levels are not resolved in the spectra commonly called "nuclear spin statistical weights," although the double weight for E + /E − pairs arises from parity doublets (not from nuclear spin). The electric dipole selection rules imply approximate conservation of nuclear spin symmetry and change of parity, thus one has the allowed transitions in S 4 for CH 4 
IV. ANALYSIS OF THE (J = 0) LEVELS
Figures 4-7 show more detailed survey spectra of 12 CH 4 and 13 CH 4 , in the region 1200 to 12 000 cm −1 at 80 K. In the higher wavenumber ranges, one can see very strong absorption in the regions 5500-6200 and 6800-7600 cm −1 where the bands of the polyads N = 2 and 2.5 are located. Pronounced absorption lines can also be seen in the regions of location of the polyads N = 3, 3.5, and 4, in the ranges 8300-9000 cm −1 , 9700-10 500 cm −1 , and around 11 300 cm −1 . Figures 3, 8 , and 9 illustrate also the differences between the 12 CH 4 and 13 CH 4 spectra visible as a shift of the 13 CH 4 lines compared to the 12 CH 4 lines, although also the rovibrational fine structure may differ significantly for the two isotopomers.
From the ground state only vibrational transitions to levels of F 2 symmetry species are strongly allowed in absorption. However, one expects numerous resonance interactions as found in the lower N-polyads (see, e.g., Ref. 43 and references cited therein). These can perturb the rotational structure of the allowed F 2 bands, but also contribute to the appearance of bands with A 1 , A 2 , E, or F 1 vibrational symmetry in the upper level, by rovibrational interactions. Therefore, in general, an assignment of all lines is needed in a careful step-bystep rovibrational analysis in order to obtain the vibrational band centers and rovibrational parameters. However, in some spectral regions, where the spectrum is not too complex, even a simple approximate assignment provides the possibility to obtain beyond doubt the centers (J = 0 energy levels) of the F 2 -type vibrational bands.
Figures 3 and 10 illustrate the assignment procedure, for instance, for the ν 2 + 2ν 3 (F 2 ) combination band of 13 CH 4 which follows the corresponding study for 12 CH 4 in a supersonic jet. 80, 82 The line series in Figure 3 is first approximately assigned with the main goal of identifying the isolated P(1) line, corresponding to the J = 0 ← J = 1 transition to the relevant vibrational level. Using the level scheme of Figure 10 Figure 8 gives for comparison a similar survey for the 12 CH 4 isotopomer, which illustrates very nicely the 13 C/ 12 C isotope shift for the ν 2 + 2ν 3 (F 2 ) bands. It should be noted here that the vibrational labeling using the normal modes ν 1 , ν 2 , ν 3 , ν 4 is only an approximate assignment due to the strong interaction between several vibrational states. Figure 9 shows the central part of the 2ν 3 (F 2 ) band of 12 CH 4 and 13 CH 4 as a further example for the assignment. These bands provide an excellent illustration of the fairly simple and regular structures which can be used in the assignments of further bands. This type of band is characterized by a fairly pronounced and dense set of Q branch lines and a regular structure of patterns separated by approximately 2B in the P and R branches. The P(1) line is isolated and weaker than the cluster of Q branch lines and the cluster of P(2) and P(3) lines. These features are frequently sufficient to provide an unambiguous assignment of the P(1) line, even if the Q branch lines and the higher P(J ) and R(J ) line clusters are complex and not easily assigned in detail. Obviously low temperature spectra greatly simplify the assignments.
For low J, the transition wavenumber can be expressed approximately as
where B is the rotational constant for the upper and B for the lower state and where m = J + 1 for the R branch and m = −J for the P branch. The Coriolis coefficient (θ ) describes the Coriolis interaction between the F sublevels. If the Coriolis interaction can be neglected, the spacing between the levels is just twice the rotational constant to a first approximation and the line structure is relatively simple which is mostly the case upon excitation of ν 1 , ν 2 , and ν 3 as shown in Figures 3, 8 , and 9. However, if the Coriolis interaction cannot be neglected (θ = 0) the absorption patterns are more complicated as is the case upon excitation of ν 4 . As an example we present here the fundamental ν 4 in Figure 11 . As one can see the identification of the P(1) line is much more difficult but still possible. For a more detailed description we refer to Refs. 51 and 108.
When the ν 4 mode is excited, the θ 4 -dependent contributions according to Eq. (6) are important, and the spectrum shows patterns as the ones shown in Figure 11 . In this case, the distance between the centers of multiplets in the R-branch is decreased approximately by a factor of 2. The Q-branch is not as narrow as for the first type of F 2 bands, and it is overlapped considerably with the P-branch.
As further examples, now for high vibrational excitations, we present the 2ν 1 + ν 3 (F 2 ) bands of 12 CH 4 and 13 CH 4 in Fig. 12 as well as the ν 1 + ν 2 + 2ν 3 (F 2 ) bands of 12 CH 4 ( Fig. 13 ) and 13 CH 4 ( Fig. 14) . As one can see the spectrum above 10 000 cm −1 is rather congested. In addition, due to the use of the Si diode the noise level at wavnumbers above 10 000 cm −1 is higher than at the lower wavenumbers. Appendix A gives a complete set of spectra and assignments as obtained in the present work and published in detail in the supplementary material. 109 As a result of the analysis we identified numerous vibrational levels for both isotopomers 12 CH 4 and 13 CH 4 . Their band centers as determined using the P(1) line assignment are summarized in Tables IV and V together with further band centers previously obtained from rotational analyses using effective Hamiltonians, as specified in the references given in the tables.
As F 2 symmetry and 1333 levels of A 1 , A 2 , E, and F 1 symmetry in the polyads 2.5 ≤ N ≤ 4; for more details, see Table I ). Nevertheless, both the central parts of the bands, and their (J = 0 ← J = 1) transitions can be clearly recognized for the bands listed in Table IV. For some bands reproduced in Table IV 
V. THEORETICAL BACKGROUND FOR THE EFFECTIVE HAMILTONIAN USED IN THE VIBRATIONAL ANALYSIS
To put the analysis of newly assigned bands of the 12 CH 4 and 13 CH 4 isotopomers into a broader perspective, we have conducted a vibrational analysis of experimentally known vibrational band centers of both isotopomers using an effective Hamiltonian. It was possible to determine the harmonic wavenumber, ω i , the anharmonic coefficients, x ij , and the vibrational tetrahedral splitting coefficients, G . . . , T . . . , and S . . . . Using our analysis we are able to predict the band centers of further vibrational bands with satisfactory accuracy as will be Figure 3 as an example. The symmetry labels include the parity from the nucleus 13 6 C 6 + (see Sec. III).
discussed below in more detail. We describe the theoretical background for this analysis in Subsections V A-V G.
A. Description of the vibrational spectrum using spectroscopic parameters
Within the framework of an effective Hamiltonian description from vibration-rotation theory (see, e.g., Refs. 39, 40, 54, and 110), the vibrational energies of the methane molecule can be obtained as a result of a diagonalization of the matrix H vib. consisting of off-diagonal elements H vṽ (v =ṽ) describing the relevant resonance interactions. These interactions will be discussed in detail later. The diagonal elements H vv can be written as sums of two terms:
The first term E v in the diagonal elements H vv represents usually the unperturbed vibrational energies according to presented only for states with low quantum numbers, v 2 , v 3 , and v 4 . 57 In order to describe the vibrational spectrum of CH 4 up to high excitations (up to 12 000 cm −1 in our work) it is necessary to derive the corresponding equations for the 
B. Irreducible tensor representation of the vibrational wave functions of CH 4
According to the theory of Irreducible Tensorial Sets (see, e.g., Refs. 111 and 112), the symmetrized vibrational wave functions of the CH 4 (T d -symmetry) molecule can be presented in the following form:
Here the |v 1 are the elementary nondegenerate vibrational functions (see, e.g., Ref. 113). The |v 2 l 2 γ 2 σ 2 are symmetrized functions of the doubly degenerate harmonic oscillator. They can be connected easily (see Appendix B for details) with the vibrational basis functions of the doubly degenerate harmonic oscillator. 113 In this case, γ 2 is the symmetry of the |v 2 l 2 γ 2 σ 2 -function. The symbol ⊗ denotes the tensorial product; γ and σ are the indices of the corresponding irreducible representation of the symmetry group T d and its line, respectively; and the third wave function, |v 3 l 3 , v 4 l 4 , ln l γ 34 σ 34 , in Eq. (6) has the following form: are the G-matrix elements which provide a reduction of the irreducible representations, D (J) , of the rotational symmetry group, SO (3) , to the irreducible rep-
All the quantities used to construct symmetrized vibrational wave functions are known as analytical forms with exception of the G-matrix elements.
C. Analytical representation of the G-matrix elements for the T d symmetry group
For the calculation of the G-matrix elements, we use the results given in Ref. 116 and, for the convenience of the reader, we will derive from this reference the general expressions that allow us to obtain analytical expressions for the Gmatrix elements used.
As shown in Ref. 116 , the elements of the G-matrix for a molecule with T d symmetry can be determined from the following analytical expressions (i = √ −1):
and In Eqs. (11)- (15) 
In Eqs. (17) and (18) the numbers k, n, i, j, and l are multiples of 4 when = A 1 or E, and are even but not multiples of 4 when = A 2 .
If the recurrence relations (17) and (18) are used one can encounter problems because for some combinations k a , J a , and a of the indices k, J, and , the expression on the right-hand side of Eq. (17) will vanish. In this case, one must proceed as described in the following. As an example, it can be seen that if one follows the above scheme and tries to construct the function of symmetry a σ a = E 2 for J a = 5 (that is, 5 G m kE 2 ), then with k a = 0 the right-hand side of Eq. (17) becomes zero. This problem can be solved as follows: As discussed in Ref. 117 , for a given irreducible representation D (J) , the number of G-matrix elements of a given symmetry ( a = A 1 , A 2 or E) determined using Eqs. (14)- (18) is always larger than the real number of irreducible representations of this symmetry to which the representation D (J) is reduced. Therefore, when the situation mentioned above occurs, one must use, in the general equation (17) , the value of k which follows from the value k a , namely, k b = k a + 4. In this case, one must take into account that in Eqs. (17) and (18), k = k a . In particular, in the above example one must take k = 4 in order to construct the G-matrix elements of E symmetry. It may easily be seen that in this case, Eqs. (14)- (18) give
The direct use of the general equations (11)- (18) allows one to obtain whatever is necessary for a further analysis of the Gmatrix elements. The results of such calculations are shown in Table VI, where The reason for such a presentation will be discussed in Subsection V D.
D. Symmetrized vibrational wave functions
The G-matrix elements obtained in Sec. V C can be used directly in Eqs. (9) and (10) for the construction of symmetrized vibrational wave functions of CH 4 . The wave functions constructed here can be used in a further construction and diagonalization of the Hamiltonian matrix. By symmetry, 111, 112 the Hamiltonian matrix is divided into sets of equivalent sub-matrixes for which the basis functions, Eq. (9), differ from each other only by the index σ of the line of corresponding irreducible representation. Therefore, in the Hamiltonian matrix it is possible to consider only the "E 1 " sub-matrix and, similarly, only the "F 1 z" and "F 2 z" sub-matrixes and omit the "E 2 ," "F 1 x," "F 1 y," "F 2 x," and "F 2 y" sub-matrixes. Thus, in Table VI we omitted the corresponding G-matrix elements for 5 ≤ J ≤ 8. As discussed below, for the polyads N = 2.5, 3, 3.5, and 4 we calculated and analyzed only the vibrational states of Table VI .
Because the number of different symmetrized vibrational functions is large, on the one hand, and the knowledge of the general equations (9) and (10), and the necessary Gmatrix elements make the procedure of construction of the corresponding functions a routine procedure, on the other hand, we do not present here all the results obtained, but show as examples only some of them for the polyads N = 2 and 4: 
a See text in Sec. V for details.
These symmetrized wave functions are
The functions on the right-hand sides of Eqs. (20) and (21) are the elementary vibrational functions of the doubly and triply degenerate harmonic oscillators.
E. Vibrational Hamiltonian of CH 4 including tetrahedral splittings
The vibrational Hamiltonian of a polyatomic molecule can be written in the following form (see, e.g., Refs. 110 and 118):
In Eq. (22) H harm. is the harmonic part of the Hamiltonian:
where
The operator H cor. has the following form:
Here α, β = x, y, z, and μ αβ are the elements of the matrix of the inverse moments of inertia and G α the vibrational angular momentum operators (see Refs. 110 and 118). The operator V corresponds to the anharmonic part of the intramolecular potential function:
Equations (23)- (25) provide good approximations for a "normal" (semirigid) polyatomic molecule. In the case of XY 4 (T d ) molecules, the general relations (23)- (25) should be reconstructed using the symmetry properties of CH 4 . We shall, however, not consider here the total Hamiltonian, Eqs. (22) 4 it is possible to show that the parts of the Hamiltonian given by Eqs. (23)- (25), responsible for the ten mentioned tetrahedral "effects," have the following form:
1. The parts of the expression W (v 1 v 2 v 3 v 4 n v ) in Eq. (7) which are connected with the parameters G 33 and G 44 arise from the operatorŝ
where λ = 3 or 4; B is the equilibrium rotational constant; the symbol V 3 in Eqs. (26)- (32) 
3. The splittings connected with the parameter G 34 arise from the operator
4. The operator responsible for the T 33 and T 44 splittings has the more complicated form:
again λ = 3, 4. 5. Similarly, we have for the operators producing the T 34 and T 2λ (λ = 3, 4) splittings:
6. For the S 34 -type splittings, the corresponding operator has the form:
If we now use perturbation theory up to the second order to obtain corrections by means of the symmetrized wave functions derived in Subsection V D, and the operators given in Eqs. (26)- (32), and compare the results with the equations for splitting parameters presented in Appendix C, then it is possible to derive the corresponding tetrahedral splittings W (v 1 v 2 v 3 v 4 n v ) for every vibrational term. It is necessary to take into account that the vibrational levels E v , Eqs. (7) and (8), can comprise more than one sublevel of the same symmetry . In this case, the splittings are not determined by the simple expression, W (v 1 v 2 v 3 v 4 n v ), but result from a diagonalisation of matrices obtained from the corresponding W (v 1 v 2 v 3 v 4 n v ) having the same index (see also, Ref. 57). The dimension of such a matrix is equal to the number of sublevels of a specific symmetry.
F. Vibrational resonance interactions in the CH 4 molecule
The last step in the calculation of the vibrational structure of CH 4 is the analysis of possible vibrational resonance interactions. As will be discussed in Sec. VI, for the correct description of the vibrational spectrum of the CH 4 molecule by spectroscopic parameters one can restrict the consideration of vibrational resonance effects to two main types of interactions: 
The matrix elements of the operators in Eqs. (33) and (34) with the symmetrized wave functions, Eqs. (9)- (13), allow one take into account some of the dominant interactions between different vibrational states of CH 4 . One might consider also the CH stretching-CH bending Fermi-type interactions in the future, as such interactions are known to be quite strong. However, the present effective Hamiltonian provides already a good description of the experimental data as will be seen from the results discussed below. As discussed in Ref. 76 the inclusion of the Fermi-resonance may become more important, when considering also intensity information and such work is in progress. While such a change is not expected to improve the quality of the fit by much, it should increase the predictive power of the model and may be needed when more data become available.
G. Results of calculation of tetrahedral splittings
The considerations of Secs. V A-V F were used for practical computations of the values W (v 1 v 2 v 3 v 4 n v ) from Eq. (7) and of the matrix elements which provide vibrational resonance interactions. We performed calculations for all vibrational states which are comprised in the polyads N = 0.5, 1, 1.5, and 2. For the polyads N = 2.5, 3, 3.5, and 4 calculations have been performed for the F 2 -type vibrational states only.
To check the validity of the scheme of calculations derived here, we first reproduced the results for the states analyzed already in Ref. 57 and found that our calculations (realized with analytical language MAPLE) exactly agreed with Table III from Ref. 57 . This perfect consistency can be considered as a confirmation of our scheme of calculation and the computer code generated on that basis, as well as an independent confirmation of the results of Ref. 57 .
In a second step, we have computed the tetrahedral splitting for all vibrational states discussed above. Due to the large volume of information, we present here, as an illustration, results only for two sets of vibrational bands:
1. The bands ν 3 + 5ν 4 and ν 1 + 5ν 4 .
This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP: Because the bands ν 3 + 5ν 4 and ν 1 + 5ν 4 comprise 8 and 4 subbands of F 2 symmetry, respectively, the tetrahedral splittings are determined by a matrix of the dimension 12 × 12. The structure of this matrix is shown in Fig. 15 (see also  Table VII) . Similarly, the interacting bands ν 2 + 2ν 3 + 2ν 4 , ν 1 + ν 2 + ν 3 + 2ν 4 , and 2ν 1 + ν 2 + 2ν 4 , comprise 8, 3, and 1 sub-bands of F 2 symmetry, respectively. The corresponding matrix is shown in Fig. 16 and 
It is easy to show that two sets of parameters, ω i , x ij and ω i ,x ij , provide equivalent representations of energy levels and, if one does not take into account the third order anharmonic coefficients y ijk , simple relations between the two sets of parameters are valid:
The problem of determining the spectroscopic parameters (harmonic wavenumbers, ω, anharmonic coefficients, x, and parameters of tetrahedral splittings) was solved in three steps. At first, we used as starting values the highly accurate values of the 18 band centers marked by an asterisk, *, in the column 2 of 34 . The first nine parameters of the eighteen parameters can be TABLE VII. Non-zero elements of the matrix of tetrahedral splittings and resonance interactions for the set of bands ν 3 + 5ν 4 and ν 1 + 5ν 4 . described as pure deformation parameters, the last nine parameters can be described as stretch-deformation parameters.
As one can see from the column 2 of Table IX , the 18 initial bands can also be divided in two groups: the 9 bands of pure deformation and 9 stretch-deformation bands with a single excitation of stretch quanta. These 18 parameters have been used afterwards for an estimation of the band centers of the higher pure deformation and stretch-deformation levels with a single excitation of a stretching quantum. The 34 additional higher experimental band centers known from previous work are predicted using the set of parameters obtained with the mean accuracy better than 1.5 cm −1 . Considering this accuracy we can claim first that 18 spectroscopic parameters are sufficient for a reliable prediction and that, second, interactions can be neglected at this point.
In a second step of the vibrational analysis we added four pure stretching parameters: x 11 , x 33 , G 33 , and T 33 , and the initial values of four band centers: 2ν 1 (A 1 ), 2ν 3 (A 1 ), 2ν 3 (E), and 2ν 3 (F 2 ) (they are marked in the column 2 of Table VIII by a double asterisk, (**)). After this step we were able to assign all the bands listed in Table IV . However, we found that the accuracy of the prediction of the centers of those bands which correspond to two and more excitations of stretching quanta is less good than for the first set of the bands discussed above because we neglected the strong resonance interactions discussed in Sec. V F.
The final step of the analysis was the joint fit of 26 spectroscopic parameters (two interaction parameters, F 1133 and F 1333 , and two anharmonic coefficients, x 12 and x 13 , were added to the 22 parameters) of the experimental band centers from Table IX . Band centers from Ref. 78 , which were based on less than 5 (and sometimes zero) rovibrational lines for the given band, were not included in the fit and therefore not listed. We refer also to Table IX , where the results of the band center estimations from previous work are presented. One can see that the results of all theoretical calculations for the bands mentioned agree with satisfactory accuracy.
The parameters obtained from the fit are presented in Table X After our analysis had been largely completed, we also learned from Ref. 120 which contains the results of an analysis of the set of sub-bands of the 5ν 4 band (they are reproduced in column 2 of Table IX around 6500 cm −1 ). In the initial fit (results are presented in column 2 of Table IX) we did not take into account the values of these four sub-band centers. As a consequence the corresponding values of the centers of sub-bands, 5ν 4 , in column 4 of Table IX should be consid -FIG. 16 . Tetrahedral splitting matrix for the set of F 2 -type sub-band of the bands ν 2 + 2ν 3 + 2ν 4 , ν 1 + ν 2 + ν 3 + 2ν 4 , and 2ν 1 + ν 2 + 2ν 4 . Resonance interactions between all three sets of sub-bands are also taken into account. TABLE VIII. Non-zero elements of the matrix of tetrahedral splittings and resonance interactions for the set of bands ν 2 + 2ν 3 + 2ν 4 ered as a prediction, which is considerably better than analogous predictions with other sets of data (see, for comparison, corresponding results from columns 6-11 of Table IX) . Column 5 of Table IX presents results of the fit with the four additional terms being included. Of course, in this case, the agreement between the experimental data and the results from the fit is much better. However, even in the second fit, the results for the 5ν 4 subbands are less good than for the other undoubtedly correct band centers. This effect is perhaps due to the high excitations with five bending vibrational quanta of the 5ν 4 band. For a more correct description of the vibrational structure it is necessary to consider tetrahedral splitting of higher order (similar to higher anharmonicities in the description of unperturbed vibrational energies, and perhaps also include the CH stretching-bending Fermi resonance explicitly in the model). To confirm this observation we note that for the four subbands of the 5ν 4 band the largest differences between the experimental and calculated values have different signs. Thus, this discrepancy cannot be removed just by adding higher order anharmonicity, but one needs higher order tetrahedral interactions.
As for the initial fit, the results of the second fit are presented in Table X (column 3) . Comparison with the values from column 2 of Table X shows that the values of parameters fitted are not changed very much.
The values of the band centers calculated with the parameters from columns 2 and 3 of Table X are shown in columns  4 and 5 of Table IX . There is good agreement between the experimental and calculated band centers.
As a further test of our results, we compare the values obtained for the "stretching" parameters with the general relations which have been derived in the local mode model for the CH 4 −type molecules, see, e.g., Ref. 121 . According to Ref. 121 , the following relations apply for some of the spectroscopic parameters for CH 4 :
Table XI presents a test of these relations as applied to the set of parameters obtained from the fit of the experimental data. One finds reasonable consistency as expressed in terms of the values equivalent to x 33 in Table XI .
We also compare our results with the results of previous calculations for methane. We calculated the band centers from Table IX on the basis of the set of spectroscopic parameters given by Lee, Martin, and Taylor (LMT, 122 we reproduce these parameters in column 4 of Table X ). The results of the two calculations are shown in columns 6 and 7 of Table IX. In column 6 calculations were made directly with the parameters from Ref. 122 . For the results presented in column 7 we added two resonance interaction parameters F 1133 and F 1333 from column 2 of Table X to the LMT-parameters. Also for comparison, the columns 8-11 of Table IX give the values of the band centers estimated in Refs. 19 and 123-125. Columns 8 and 9 present calculations with two different basis sets from Refs. 19 and 123. One can see that all the results agree with each other more or less, but our present results are closer to the experimental values of the band centers, and they cover a larger spectral range up to higher frequencies.
We have also checked the efficiency of our model by the fit of an alternative set of energy levels. The column 5 of Table X gives also the results of such a test. The parameters presented in column 5 were obtained from the fit of "ab initio" energies from Ref. 123 (they are reproduced also in column 4 of Table S1 of the supplementary material; 109 see also Appendix E). As one can see they agree approximately with our data in columns 2-3 of Table X. The d rms deviation is 3.03 cm −1 for the 142 energies used for the parameters from column 5, Table X . Also as an illustration, column 5 of Table S1 (supplementary material 109 ) presents the differences = E − E (fit) (in cm −1 ) for the set of data from Ref. 123 .
The set of spectroscopic parameters from column 2 of Table X Table S1 (compare column 2-3 and 4). e Band centers marked by (*) and (**) were used in the first and the second step of the vibrational analysis (see text for details). f Was not used in the Fit-1. As the consequence, the value from column 4 can be considered as a prediction (see text for more details). g Assigned in the recorded 80 K spectrum of the present paper and used in the fit with the weight 1. h Assigned in the recorded 80 K spectrum of the present paper and used in the fit with the weight 1/10. the α νλ are additional coefficients which are determined from a solution of a set of equations (40) and additional relations
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2. The second set of relations mentioned above has the following form (m N and m N are the masses of atoms before and after isotopic substitution):
They determine the A λμ coefficients via so-called transformation coefficients, l Nαλ , of a main "mother" isotopomer. Often these transformation coefficients are known for some mother isotopomer. In particular, for CH 4 they can be taken from 
They give the possibility to calculate the transformation coefficients of a substituted isotopomer as functions of the characteristics of a mother species. Here K e αγ is the matrix which provides a rotation of the molecular equilibrium coordinate axes from a mother species to an isotopically substituted molecule. In Eqs. (40) a Calculated with the set of parameters I from column 2 of Table X. b Calculated with the set of parameters II from column 3 of Table X. 12 C → 13 C, Eqs. (40)- (43) and the transformation coefficients l Nγ λ from Ref. 130 lead to the following simple results for the A λλ coefficients:
All the non-diagonal elements in the case of symmetric substitution can be taken as zero. In Eqs. (45) and (46), sin γ is an "ambiguity" parameter for the mother species, which for CH 4 can be estimated to be 0.6036. 131 Consequently, the nu- (40) under the substitution 12 C → 13 C also leads to set of very simple relations:
It is interesting to compare the values of the A λλ coefficients obtained above using Eqs. (44)- (46) Finally, after some mathematical manipulations with the expressions (40)- (47), and the equations which express the vibrational spectroscopic parameters as functions of parameters of an intramolecular potential function, it is possible to 4 , where exp. refers to experimentally determined band centers (directly from J = 0 levels, unless otherwise stated), "pred.1" gives predicted shifts using the model described in section VII, "pred.2" is the shift derived from the levels as obtained by the vibrational effective Hamiltonian fit of the present work, "CVPT" gives the shift from the perturbation theory in Ref. 42 . b Level position from a fit to an effective ro-vibrational Hamiltonian. 42, 44 the values of the vibrational spectroscopic parameters of the 13 CH 4 isotopomer on the basis of the corresponding parameters of 12 14 . If one considers the absolute value of x 14 , it seems that the ab initio value of the shift, −0.812 cm −1 in the column 8 is incorrect. Columns 4 and 7 present the values of the spectroscopic parameters of the 13 CH 4 isotopomer which were estimated on the basis of values from columns 2, 3, 5, and 6.
Finally, the parameters from column 4 of Table XII were used to calculate the same band centers for the 13 CH 4 isotopomer as for 12 CH 4 . We calculated all the band centers for the polyads N = 0.5, 1, 1.5, and 2. For the polyads 2.5, 3, 3.5, and 4 we calculated band centers for the F 2 type bands. The results of these calculation are presented in Table S2 (see Appendix E and the supplementary material 109 ), and they were used then as the basis for an assignment of the band centers in the experimental spectrum recorded in the region of 5500-12 000 cm −1 . In this way we were able to assign beyond doubt 12 new bands for 13 13 CH 4 levels derived and discussed in the present work in comparison with the corresponding 12 CH 4 levels. Up to about 8000 cm −1 , the isotope shifts follow the simple patterns which would be derived from the shifts ofω 3 andω 4 by adding the sums of the appropriate multiples of the harmonic shifts. Above 8000 cm −1 higher order terms and resonance interactions in the model become more important and both experimental and theoretical shifts deviate from the simple pattern. We compare the shifts in Table XIII also with the shifts predicted from canonical variational perturbation theory (CVPT) in Ref. 42 . This theory is slightly more accurate than the simple approach discussed here. One can expect that explicit inclusion of the CH stretching-bending Fermi resonances and some of the higher order terms in the tetrahedral splittings in the effective Hamiltonian would improve the results from the simple model.
VIII. DISCUSSION AND CONCLUSION
Using the strategy 39, 40, [80] [81] [82] of the direct assignment of the J = 0 levels of excited vibrational states of F 2 symmetry in low temperature spectra of 12 CH 4 and 13 CH 4 we have been able in the present work to extend the accurate knowledge for a considerable number of the vibrational level energies for these methane isotopomers up to 12 000 cm −1 (about 20 levels in a range where few previous data existed 80, 82, 119, 132 ). We have furthermore extended the theoretical formulation for the effective Hamiltonian for the T d symmetrical isotopomers of methane to cover excitations up to this range. The effective Hamiltonian thus derived here provides a good description of the so far known vibrational energy levels up to 12 000 cm −1 including in the fit of the parameters to experiment also very recent and accurate experimental data for the lower polyads up to 6000 cm −1 (see Refs. 42, 78, and 96 and literature cited therein). These results can find important applications in the spectroscopy of the earth's atmosphere as well as other planetary and also interstellar objects. The two most abundant isotopomers of methane studied here account for almost 100% of the natural infrared absorption of methane.
More generally, the accurate spectroscopic results up to high vibrational excitations provide an important benchmark for theoretical studies of this important prototype molecule. They can help to further develop and refine potential hypersurfaces for methane based on ab initio calculations, a topic of considerable current activity. 9, 11-13, 16-20, 72, 123, 133-136 They also provide a testing ground for the corresponding quantum dynamical models of intramolecular energy flow in methane isotopomers. 10, [137] [138] [139] While it is today possible to carry out full dimensional quantum mechanical calculations for the vibrational levels of the molecules of the size of methane, 135, 136, [139] [140] [141] [142] the effective Hamiltonian description derived in our work has merits in terms of a simple representation of the experimental spectra and for a simple understanding of the most important structures including isotope effects. 129 In conjunction with our previous extensive studies of excited vibrational levels of C 3v and C 2v symmetrical isotopomers of methane (CH 3 D, CHD 3 , and CH 2 D 2 ) 39, 40 our results can provide also a starting point for a purely empirical anharmonic force-field for methane. Finally, the very complete set of experimental high resolution results obtained in the present work, combined with our first analysis of the vibrational level structure is also a starting point for a more complete rovibrational analysis of the higher polyads, although such work surely requires further long term efforts in the analysis.
